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SOME TRANSCENDENTAL EQUATIONS ON THE
STIELTJES CONE
FILIPPO GIRALDI
Abstract. A general class of transcendental equations in complex do-
main is considered for functions belonging to the Stieltjes cone. Under
certain conditions each transcendental equation has no solution or one,
at most, in the complex plane cut along the negative real axis. The
unique solution is real valued and positive with an analytical bound.
Particular cases consist in transcendental equations containing expo-
nential, hyperbolic, power law, logarithmic and special functions. The
present approach provides a simple way to prove that some special func-
tions have no zero in certain sectors of the complex plane cut along the
negative real axis.
1. Introduction
The determination of the solutions of transcendental equations in com-
plex domain is fundamental for the analysis of various types of equations.
For example, autonomous differential-difference equations exhibit stable so-
lutions if the zeros of the characteristic functions have negative real part [1].
In simple or multiple delay differential equations it is required to find the
zeros of the exponential polynomials [2]. For certain integral equations of
convoluted form [3, 4] the solutions depends on the singularities appearing
by Laplace transforming [5]. Great interest is also devoted to the study of
the zeros of entire and special functions with the most various applications,
from relaxation-oscillation to fractional diffusion phenomena, to name a few
[6, 7, 8, 9, 10, 11, 12, 13, 14, 15].
Here, we analyze a general class of transcendental equations in complex
domain that are obtained from the Steltjes transforms of nonnegative real
valued functions [5, 16, 17, 18, 19, 20, 21, 22]. We intend to determine the
conditions for the existence, uniqueness, reality, positivity of the solution
and provide analytical bounds.
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2 FILIPPO GIRALDI
2. The trascendental equation
The Stieltjes transform [16, 5] of a function f on R+ is defined as follows,
S [f ] (z) =
ˆ ∞
0
f (ζ)
ζ + z
dζ, (2.1)
if the above integral exists. The condition
i) f ∈ Lloc1 (R+) and f (ζ) = O
(
ζ−δ
)
for ζ → +∞, where δ > 0,
is sufficient for the existence of the Stieltjes transform. If the Stieltjes
transform of the function f exists in z0 ∈ C\ (−∞ , 0] it exists and is analytic
[16] in the whole complex plane cut along the negative real axis, C\ (−∞ , 0].
Consider the following class of transcendental equations in C\ (−∞ , 0],
S [ϕ] (z)− bz − c = 0, (2.2)
where ϕ ∈ Lloc1 (R+) and ϕ ≥ 0 on R+, b ≥ 0, c ∈ R.
Theorem 2.1. The transcendental equation (2.2) has in C\ (−∞ , 0] one
solution under each of the two following conditions,
b > 0, mϕ > 0, (2.3)
b = 0, mϕ > 0, c > 0, (2.4)
where the critical value mϕ is defined as follows,
mϕ =
ˆ ∞
0
ϕ (ζ)
ζ
dζ − c. (2.5)
No solution exists, otherwise. The unique solution is real valued and positive,
z = x0 > 0, and (mϕ/b) > x0 > 0 if b > 0. The condition mϕ = +∞ is
included.
Proof. Let x and y be respectively the real and imaginary part of the variable
z, i.e., z = x+ ıy, where ı is the imaginary unit. The imaginary part of Eq.
(2.18) leads to the following equation,
y
(
b+
ˆ ∞
0
ϕ (ζ)
(ζ + x)2 + y2
dζ
)
= 0. (2.6)
The solution of Eq. (2.6) is y = 0 since b ≥ 0 and ϕ ≥ 0 on R+, in addition
to the trivial solution of vanishing function ϕ and vanishing parameter b.
Consequently, the real part of Eq. (2.18) results in the following equation,ˆ ∞
0
ϕ (ζ)
(ζ + x)
dζ − c = bx, (2.7)
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where x > 0 since Eq. (2.2) is defined in the domain C\ (−∞ , 0]. The left
hand side of Eq. (2.7) is a strictly decreasing monotonic and continuous
function [16, 23] on R+, tends to mϕ for x→ 0+ and to (−c+) for x→ +∞.
Consequently, if b > 0 one solutions exists for mϕ > 0. This solution
is positive and bounded by the value
(´∞
0 ϕ (ζ) /ζ dζ − c
)
/b. No solution
exists for mϕ ≤ 0. If b = 0 one solution exists for
´∞
0 ϕ (ζ) /ζ dζ > c > 0,
while no solution exists for c ≤ 0 and for c ≥ ´∞0 ϕ (ζ) /ζ dζ. The present
analysis holds also if
´∞
0 ϕ (ζ) /ζ dζ = +∞. 
2.1. Stieltjes representation. Under certain conditions, a complex valued
function is representable in the complex plane cut along the negative real
axis as the Stieltjes transform of a nonnegative real valued function up to a
nonnegative constant. Following Ref. [24], an analytic function g is defined
to be positive real if no singularity exists for <{z} > 0, if g (<{z}) is real
on R and if <{g(z)} > 0 for <{z} > 0. The class PRS is defined as the
set of functions g such that zg
(
z2
)
is positive real [24]. Every function g
belonging to the class PRS is representable [24] as a Stieltjes transform of a
nonnegative real valued function, up to a nonnegative constant, in the whole
complex plane cut along the negative real axis, C\ (−∞ , 0].
Further conditions on the Stieltjes representation are reported in Ref.
[17, 18, 19, 20, 21]. If an analytic function g on C\ (−∞ , 0] fulfills the
constraints ={g(z)} ≤ 0 for ={z} > 0 and g (<{z}) ≥ 0 for <{z} > 0
the analytic extension of g (<{z}) to C\ (−∞ , 0], i.e., g(z), is a Stieltjes
transform of a nonnegative real valued function on R+ up to a nonnegative
constant. This constant vanishes by requiring the following condition,
lim
<{z}→+∞
g (<{z}) = 0. (2.8)
The Stieltjes transforms of nonnegative functions on R+ represent a convex
cone [17, 18, 19, 20, 21] of the analytic functions on C\ (−∞ , 0].
In light of the Stieltjes representation described above, we focus on func-
tions φ in Lloc1 (R+) that are real valued and nonnegative on R+. Let L(+)S
be the set of the functions g on C\ (−∞ , 0] that are the Stieltjes transforms
of the nonnegative real valued functions φ, which means g(z) = S [φ] (z).
The following corollary holds.
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Corollary 2.2. Consider the operator T1 : φ (ζ) → φ (aζ), where a > 0,
and the following transcendental equation in C\ (−∞ , 0],
g (az)− bz − c = 0, (2.9)
where g ∈ L(+)S . Since S [T1 [φ]] (z) = g (az), if b > 0 Eq. (2.9) has one
solution for ρφ > 0, where
ρφ = a
ˆ ∞
0
φ (ζ)
ζ
dζ − c. (2.10)
The solution is real valued, z = ξ1, and (ρφ/b) > ξ1 > 0. If b = 0 Eq. (2.9)
has one solution for ρφ > c > 0. The solution is real valued and positive.
No solution exists, otherwise.
If
´∞
0 φ (ζ) dζ < +∞, consider the operator T2 : φ (ζ) → ζφ (ζ) and the
following transcendental equation in C\ (−∞ , 0],
zg(z) + bz − c = 0, (2.11)
where g ∈ L(+)S . Since
S [T2 [φ]] (z) =
ˆ ∞
0
φ (ζ) dζ − zg(z),
if b > 0 Eq. (2.11) has one solution for c > 0. The solution is real valued,
z = ξ2, and (c/b) > ξ2 > 0. If b = 0 Eq. (2.11) has one solution for´∞
0 φ (ζ) dζ > c > 0. The solution is real valued and positive. No solution
exists, otherwise.
Consider the operator T3 : φ (ζ) → φ (ζ) / (ζ + a) and the following tran-
scendental equation in C\ (−∞ , 0],
g(z)− g (a)
z − a + bz + c = 0, (2.12)
where g ∈ L(+)S . Since
S [T3 [φ]] (z) = g(z)− g(a)
a− z ,
if b > 0 Eq. (2.12) has one solution for µφ > 0, where
µφ =
ˆ ∞
0
φ (ζ)
ζ (ζ + a)
dζ − c. (2.13)
The solution is real valued, z = ξ3, and (µφ/b) > ξ3 > 0. If b = 0 Eq. (2.12)
has one solution for µφ > c > 0. The solution is real valued and positive.
No solution exists, otherwise. Notice that for z = a the left hand side of Eq.
(2.12) is analytically extended to the value g′(a) + ba+ c.
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Consider the operator T4 : φ (ζ)→ φ (a/ζ) /ζ and the following transcen-
dental equation in C\ (−∞ , 0],
g (a/z)
z
− bz − c = 0, (2.14)
where g ∈ L(+)S . Since S [T4 [φ]] (z) = g (a/z) /z, if b > 0 Eq. (2.14) has one
solution for νφ > 0, where
νφ =
ˆ ∞
0
φ (a/ζ)
ζ2
dζ − c. (2.15)
The solution is real valued, z = ξ4, and (νφ/b) > ξ4 > 0. If b = 0 Eq. (2.14)
has one solution for νφ > c > 0. The solution is real valued and positive.
No solution exists, otherwise.
Consider the operator T5 : φ (ζ) → φ
(
ζ1/2
)
and the following transcen-
dental equation in C\ (−∞ , 0],
g
(
ız1/2
)
+ g
(
−ız1/2
)
− bz − c = 0, (2.16)
where g ∈ L(+)S . Since
S [T5 [φ]] (z) = g
(
ız1/2
)
+ g
(
−ız1/2
)
,
if b > 0 Eq. (2.16) has one solution for ηφ > 0, where
ηφ =
ˆ ∞
0
φ
(
ζ1/2
)
ζ
dζ − c. (2.17)
The solution is real valued, z = ξ5, and (ηφ/b) > ξ5 > 0. If b = 0 Eq. (2.16)
has one solution for ηφ > c > 0. The solution is real valued and positive.
No solution exists, otherwise.
Proof. Since φ ≥ 0 on R+, the functions φ (aζ), ζφ (ζ), φ (ζ) / (ζ + a),
φ (a/ζ) /ζ, φ
(
ζ1/2
)
/ζ are nonnegative on R+. The corresponding Stielt-
jes transforms [25] provide Eqs. (2.9), (2.11), (2.12), (2.14), (2.16). The
conditions for the existence, uniqueness, reality and positivity of the solu-
tions are obtained via Theorem 2.1. Notice that in each case the solution
exists and is positive if the critical value is infinite. 
At this stage we are equipped to analyze a further form of transcendental
equations involving the Stieltjes and the following corollary holds.
Corollary 2.3. Consider the following equation in C\ (−∞ , 0],
S [T [φ]] (z)− bz − c = 0. (2.18)
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The general operator T is defined as follows,
T = (Tj1 ◦ · · · ◦ Tjk) . (2.19)
The index jl can take the values 0, 1, . . . , 5, for every l = 1, . . . , k, and
k ∈ N0, while T0 is the identity operator. The transcendental equation (2.18)
has in C\ (−∞ , 0] one solution under each of the two following conditions,
b > 0, mT [φ] > 0, (2.20)
b = 0, mT [φ] > 0, c > 0, (2.21)
where
mT [φ] =
ˆ ∞
0
1
ζ
T [φ] (ζ) dζ − c. (2.22)
No solution exists, otherwise. The unique solution is real valued and positive,
z = κ0, and
(
mT [φ]/b
)
> κ0 > 0 if b > 0. The condition mT [φ] = +∞ is
included. Notice that the operator T2 requires the involved integral to be
finite.
Proof. Due to the definition of the operators T0, . . . , T5, the function T [φ] (ζ)
is nonegative on R+. Consequently, the proof is obtained by directly apply-
ing Theorem 2.1 to Eq. (2.18). 
3. Applications
We analyze some examples of transcendental equations in C\ (−∞ , 0]
that contain exponential and hyperbolic forms, power laws, logarithms and
special functions. These equations are obtained via the Stieltjes transforms
of nonnegative real valued functions reported in Ref. [25, 26, 27, 28, 29, 30,
31, 32, 33, 34, 35] and the same notation is adopted here. The existence,
uniqueness, reality, nonnegativity and bounds of the solution are studied
via the theorem and corollaries that are introduced above. For the sake of
clarity, we remind the constraints on the parameters involved, a, b > 0, and
c ∈ R.
3.1. Exponential forms. The transcendental equation
pi z−1/2
(
1− e−2az1/2
)/
2− bz − c = 0, |arg z| < pi, (3.1)
has one solution under each of the following conditions,
b > 0, pia > c,
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b = 0, pia > c > 0.
The solution is real valued and positive, z = x1 > 0, and (pia− c) /b > x1 >
0 if b > 0. No solution exists, otherwise. As proof [25], apply Theorem 2.1
to ϕ (ζ) = ζ−1/2 sin2
(
aζ1/2
)
.
The transcendental equation
piz−1/2
(
1 + e−2az
1/2
)/
2− bz − c = 0, |arg z| < pi, (3.2)
has one solution if b > 0, or if b = 0 and c > 0. The solution is real valued
and positive. No solution exists, otherwise. As proof [25], apply Theorem
2.1 to ϕ (ζ) = ζ−1/2 cos2
(
aζ1/2
)
. Notice that the critical value is infinite.
3.2. Hyperbolic forms. The transcendental equation
piz−1/2
(β/λ− λ/β) sinh (2az1/2) /2− 1(
β sinh
(
az1/2
))2 − (λ cosh (az1/2))2 − bz − c = 0, (3.3)
βλ > 0, |arg z| < pi,
has one solution if b > 0, or if b = 0 and c > 0. The solution is real valued
and positive. No solution exists, otherwise. As proof [25], apply Theorem
2.1 to ϕ (ζ) = ζ−1/2
/((
β sin
(
aζ1/2
))2
+
(
λ cos
(
aζ1/2
))2 )
. Notice that the
critical value is infinite.
3.3. Power laws. The transcendental equation
bz − pi csc (piα) zα−1 + c = 0, 1 > α > 0, |arg z| < pi, (3.4)
has one solution if b > 0, or if b = 0 and c > 0. The solution is real valued
and positive. No solution exists, otherwise. As proof [25], apply Theorem
2.1 to ϕ (ζ) = ζα−1. Notice that the critical value is infinite.
The transcendental equation
pi csc (piα)
zα − aα
z − a − bz − c = 0, 1 > α > −1, |arg z| < pi, (3.5)
has one solution under each of the following conditions,
b > 0, 1 > α > 0, c < piaα−1 csc (piα) ,
b > 0, 0 ≥ α > −1,
b = 0, 1 > α > 0, piaα−1 csc (piα) > c > 0,
b = 0, 0 ≥ α > −1, c > 0.
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The solution is real valued and positive, z = x2, and
(
piaα−1 csc (piα)− c) /b >
x2 > 0 if b > 0 and 1 > α > 0. No solution exists, otherwise. The
left hand side of Eq. (3.5) is analytically extended in z = a to the value(
piαaα−1 csc (piα)− ba− c). As proof [25], apply Theorem 2.1 to ϕ (ζ) =
ζα/ (ζ + a).
The transcendental equation
pi
aα−1 sec (piα/2) z − 2 csc (piα) zα + aα csc (piα/2)
2 (z2 + a2)
− bz − c = 0, (3.6)
2 > α > −1, |arg z| < pi,
has one solution under each of the following conditions,
b > 0, 2 > α > 0, c < piaα−2 csc (piα/2) /2,
b > 0, 0 ≥ α > −1,
b = 0, 2 > α > 0, piaα−2 csc (piα/2) /2 > c > 0,
b = 0, 0 ≥ α > −1, c > 0.
The solution is real valued and positive, z = x3, and(
piaα−2 csc (piα/2) /2− c) /b > x3 > 0, b > 0, 2 > α > 0.
No solution exists, otherwise. As proof [25], apply Theorem 2.1 to ϕ (ζ) =
ζα/
(
ζ2 + a2
)
.
3.4. Logarithms. The transcendental equation
log (a/z)
(z − a) + bz + c = 0, |arg z| < pi, (3.7)
has one solution if b > 0, or if b = 0 and c > 0. The solution is real valued
and positive. No solution exists, otherwise. The left hand side of Eq. (3.5)
is analytically extended in z = a to the value (ba+ c− 1/a) . As proof [25],
apply Theorem 2.1 to ϕ (ζ) = 1/ (ζ + a). Notice that the critical value is
infinite.
The transcendental equation
log (z/a)− piz/(2a)
(z2 + a2)
+ bz + c = 0, |arg z| < pi, (3.8)
has one solution if b > 0, or if b = 0 and c > 0. The solution is real valued
and positive. No solution exists, otherwise. As proof [25], apply Theorem
2.1 to ϕ (ζ) = 1/
(
ζ2 + a2
)
. Notice that the critical value is infinite.
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The transcendental equation
z log (z/a) + pia/2
(z2 + a2)
− bz − c = 0, |arg z| < pi, (3.9)
has one solution under each of the following conditions,
b > 0, c < pi/ (2a) ,
b = 0, pi/ (2a) > c > 0.
The solution is real valued and positive, z = x4, and (pi/ (2a)− c) /b > x4 >
0 if b > 0. No solution exists, otherwise. As proof [25], apply Theorem 2.1
to ϕ (ζ) = ζ/
(
ζ2 + a2
)
.
The transcendental equation
2piz−1/2 log
(
a1/2z1/2 + 1
)
− bz − c = 0, |arg z| < pi, (3.10)
has one solution under each of the following conditions,
b > 0, c < 2pia1/2,
b = 0, 2pia1/2 > c > 0.
The solution is real valued and positive, z = x5, and
(
2pia1/2 − c) /b > x5 >
0 if b > 0. No solution exists, otherwise. As proof [25], apply Theorem 2.1
to ϕ (ζ) = ζ−1/2 log (aζ + 1).
The transcendental equation
pi2 + log2 (z/a)
2 (z + a)
− bz − c = 0, |arg z| < pi, (3.11)
has one solution if b > 0, or if b = 0 and c > 0. The solution is real valued
and positive. No solution exists, otherwise. As proof [25], apply Theorem
2.1 to ϕ (ζ) = log (ζ/a) / (ζ − a) for ζ 6= a and ϕ (a) = 1/a. Notice that the
critical value is infinite.
The transcendental equation
pi
aα log (a/z) /pi + csc (piα) zα − aα cot (piα)
a+ z
− bz − c = 0, (3.12)
1 > α > 0, |arg z| < pi,
has one solution if b > 0, or if b = 0 and c > 0. The solution is real valued
and positive. As proof [25], apply Theorem 2.1 to ϕ (ζ) = (ζα − aα) / (ζ − a)
for ζ 6= a and ϕ(a) = αaα−1. Notice that the critical value is infinite.
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The transcendental equation
pi
z + a
(
csc (piα)
pi cot (piα) (zα − aα)− zα log (z/a)
z − a +
piaα−1
4 cos2 (piα/2)
)
−bz − c = 0, 1 > α > −1, |arg z| < pi, (3.13)
has one solution under each of the following conditions,
b > 0, 1 > α > 0, c < pi2aα−2 csc2 (piα/2) /4,
b > 0, 0 ≥ α > −1,
b = 0, 1 > α > 0, pi2aα−2 csc2 (piα/2) /4 > c > 0,
b = 0, 0 ≥ α > −1, c > 0.
The solution is real valued and positive, z = x6, and(
pi2aα−2 csc2 (piα/2) /4− c) /b > x6 > 0, b > 0, 1 > α > 0.
No solution exists, otherwise. The left hand side of Eq. (3.11) is analytically
extended in z = a to the value
piaα−2
2
(
csc (piα) (piα cot (piα)− 1) + pi
4 cos2 (piα/2)
)
− ba− c.
As proof [25], apply Theorem 2.1 to ϕ (ζ) = ζα log (ζ/a) /
(
ζ2 − a2) for ζ 6= a
and ϕ(a) = aα−2/2. Notice that the critical value is infinite for 0 ≥ α > −1.
3.5. Special functions. We consider transcendental equations involving
various types of special functions. In some cases the analysis of the solution
provides additional information about the zeros of these functions.
3.5.1. Incomplete Gamma function. The transcendental equation
Γ (1− α) z−αeazΓ (α, az)− bz − c = 0, α < 1, |arg z| < pi, (3.14)
in terms of the incomplete Gamma function [25], has one solution under
each of the following conditions,
b > 0, 1 > α ≥ 0,
b > 0, α < 0, c < aαΓ (−α) ,
b = 0, 1 > α ≥ 0, c > 0,
b = 0, α < 0, 0 < c < aαΓ (−α) .
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The solution is real valued and positive, z = x7, and
(aαΓ (−α)− c) /b > x7 > 0, b > 0, α < 0.
No solution exists, otherwise. The nonexistence of any solution for b = c = 0
suggests that the function Γ (α, z) has no zero for α < 1, |arg z| < pi and
z 6= 0. As proof [25], apply Theorem 2.1 to ϕ (ζ) = ζ−α exp {−aζ}. Notice
that the critical value is infinite for 0 ≤ α < 1.
The transcendental equation
Γ (1− α) zα−1ea/zΓ (α, a/z)− bz − c = 0, α < 1, |arg z| < pi, (3.15)
in terms of the incomplete Gamma function [25], has one solution under
each of the following conditions,
b > 0, c < aα−1Γ (1− α) ,
b = 0, 0 < c < aα−1Γ (1− α) ,
The solution is real valued and positive, z = x8, and(
aα−1Γ (1− α)− c) /b > x8 > 0, b > 0.
No solution exists, otherwise. As proof [25], apply Theorem 2.1 to ϕ (ζ) =
ζα−1 exp {−a/ζ}.
The transcendental equation
Γ (2α+ 1) zα
(
eı(piα+az
1/2)Γ
(
−2α, ıaz1/2
)
+ e−ı(piα+az
1/2)
×Γ
(
−2α,−ıaz1/2
))
− bz − c = 0, α > −1, |arg z| < pi, (3.16)
in terms of the incomplete Gamma function [25], has one solution under
each of the following conditions,
b > 0, α > 0, c < 2a−2αΓ (2α) ,
b > 0, 0 ≥ α > −1,
b = 0, α > 0, 0 < c < 2a−2αΓ (2α) ,
b = 0, 0 ≥ α > −1, c > 0.
The solution is real valued and positive, z = x9, and(
2a−2αΓ (2α)− c) /b > x9 > 0, b > 0, α > 0.
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No solution exists, otherwise. As proof [25], apply Theorem 2.1 to ϕ (ζ) =
ζα exp
{−aζ1/2}. Notice that the critical value is infinite for 0 ≥ α > −1.
3.5.2. Logaritmic derivative of the Gamma functions. The transcendental
equation
ψ
(
az1/2
)
− log
(
az1/2
)
+
(
2az1/2
)−1
+ bz + c = 0, |arg z| < pi, (3.17)
in terms of the logarithmic derivative of the Gamma function [25], ψ(z) =
(log (Γ(z)))′, has one solution if b > 0, or if b = 0 and c > 0. The solution is
real valued and positive. No solution exists, otherwise. As proof [25], apply
Theorem 2.1 to ϕ (ζ) = 1
/ (
exp
{
aζ1/2
}− 1). Notice that the critical value
is infinite.
The transcendental equation
ψ
(
z1/2/2 + 1/2
)
− ψ
(
z1/2/2
)
− z−1/2 − bz − c = 0, |arg z| < pi, (3.18)
in terms of the logarithmic derivative of the Gamma function [25], has one
solution if b > 0, or if b = 0 and c > 0. The solution is real valued and
positive. No solution exists, otherwise. As proof [25], apply Theorem 2.1 to
ϕ (ζ) = 1/ sinh
(
piζ1/2
)
. Notice that the critical value is infinite.
The transcendental equation
z−1/2
(
ψ
(
z1/2
2
+
3
4
)
− ψ
(
z1/2
2
+
1
4
))
− bz − c = 0, |arg z| < pi, (3.19)
in terms of the logarithmic derivative of the Gamma function [25], has one
solution if b > 0, or if b = 0 and c > 0. The solution is real valued and
positive. No solution exists, otherwise. As proof [25], apply Theorem 2.1 to
ϕ (ζ) = 1
/ (
ζ1/2 cosh
(
piζ1/2
))
. Notice that the critical value is infinite.
3.5.3. Gauss hypergeometric series. The transcendental equation
Γ (α) Γ (β − α)
aβ−1Γ (β)
zα−1 2F1 (β − 1, α;β; 1− z/a)− bz − c = 0, (3.20)
β > α > 0, |arg z| < pi,
in terms of the Gauss hypergeometric series [25], has one solution under
each of the following conditions,
b > 0, β > α > 1, c < aα−βΓ (α− 1) Γ (β − α) /Γ (β − 1) ,
b > 0, 1 ≥ α > 0,
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b = 0, β > α > 1, aα−βΓ (α− 1) Γ (β − α) /Γ (β − 1) > c > 0,
b = 0, 1 ≥ α > 0, c > 0.
The solution is real valued and positive, z = x10, and
aα−βΓ (α− 1) Γ (β − α) /Γ (β − 1)− c
b
> x10 > 0, b > 0, β > α > 1.
No solution exists, otherwise. The nonexistence of any solution for b =
c = 0 suggests that the function 2F1 (β − 1, α;β; 1− z/a) has no zero for
β > α > 0, |arg z| < pi and z 6= 0. As proof [25], apply Theorem 2.1
to ϕ (ζ) = ζα−1/ (ζ + a)β−1. Notice that the critical value is infinite for
1 ≥ α > 0.
3.5.4. Incomplete Beta function. The function Iz (β, α) is defined in terms
of the incomplete Beta function Bz (β, α) as follows [25],
Iz (β, α) = Bz (β, α) /B1 (β, α). The transcendental equation
pi csc (piα) z−α (a− z)−β I1−z/a (β, α)− bz − c = 0, (3.21)
1 > α > −β, |arg z| < pi,
has one solution under each of the following conditions,
b > 0, 0 > α > −β, c < a−α−βΓ (−α) Γ (α+ β) /Γ (β) ,
b > 0, 1 > α ≥ 0,
b = 0, 0 > α > −β, a−α−βΓ (−α) Γ (α+ β) /Γ (β) > c > 0,
b = 0, 1 > α ≥ 0, c > 0.
The solution is real valued and positive, z = x11, and(
a−α−βΓ (−α) Γ (α+ β) /Γ (β)− c
)/
b > x11 > 0, b > 0, 0 > α > −β.
No solution exists, otherwise. The nonexistence of any solution for b = c = 0
suggests that the function I1−z/a (β, α) has no zero for 1 > α > −β, |arg z| <
pi, z 6= a, 0. As proof [25], apply Theorem 2.1 to ϕ (ζ) = ζ−α/ (ζ + a)β.
Notice that the critical value is infinite for 1 > α ≤ 0.
3.5.5. Exponential integral. The transcendental equation
eαzEi (−αz) + bz + c = 0, α > 0, |arg z| < pi, (3.22)
in terms of the exponential integral function [25], has one solution if b > 0,
or if b = 0 and c > 0. The solution is real valued and positive. No solution
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exists, otherwise. The nonexistence of any solution for b = c = 0 suggests
that the exponential integral Ei(−z) has no zero for |arg z| < pi and z 6= 0.
As proof [25], apply Theorem 2.1 to ϕ (ζ) = exp {−αζ}. Notice that the
critical value is infinite.
The transcendental equation
eαz (Ei (−αz − αd)− Ei (−αz))− bz − c = 0, (3.23)
α > 0, d > 0, |arg z| < pi,
in terms of the exponential integral function [25], has one solution if b > 0,
or if b = 0 and c > 0. The solution is real valued and positive. No solution
exists, otherwise. As proof [25], apply Theorem 2.1 to ϕ (ζ) = exp {−αζ}
for 0 < ζ < d and ϕ (ζ) = 0 for ζ > d. Notice that the critical value is
infinite.
The transcendental equation
eαzEi (−αz − αd) + bz + c = 0, (3.24)
α > 0, d > 0, |arg z| < pi,
in terms of the exponential integral function [25], has one solution under
each of the following conditions,
b > 0, c < −Ei (−αd) ,
b = 0, 0 < c < −Ei (−αd) ,
The solution is real valued and positive, z = x12, and
(−Ei (−αd)− c) /b > x12 > 0, b > 0.
No solution exists, otherwise. As proof [25], apply Theorem 2.1 to ϕ (ζ) = 0
for 0 < ζ < d and ϕ (ζ) = exp {−αζ} for ζ > d.
The transcendental equation
(−1)n+1zneαzEi (−αz) +
n∑
j=1
(−1)n−j(j − 1)!α−jzn−j − bz − c = 0, (3.25)
α > 0, n ∈ N0, |arg z| < pi,
in terms of the exponential integral function [25], has one solution under
each of the following conditions,
b > 0, c < (n− 1)!α−n,
b = 0, 0 < c < (n− 1)!α−n.
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The solution is real valued and positive, z = x13, and(
(n− 1)!α−n − c) /b > x13 > 0, b > 0.
No solution exists, otherwise. As proof [25], apply Theorem 2.1 to ϕ (ζ) =
ζn exp {−αζ}.
The transcendental equation
(log (αγz)− eαzEi (−αz)) /z − bz − c = 0, α > 0, |arg z| < pi, (3.26)
in terms of the exponential integral function and the Euler-Mascheroni con-
stant γ = exp {C} [25], has one solution if b > 0, or if b = 0 and c > 0.
The solution is real valued and positive. No solution exists, otherwise. As
proof [25], apply Theorem 2.1 to ϕ (ζ) = (1− exp {−αζ}) /ζ. Notice that
the critical value is infinite.
3.5.6. Error function. The transcendental equation
piz−1/2eazErfc
(
a1/2z1/2
)
− bz − c = 0, |arg z| < pi, (3.27)
in terms of the error function [25], has one solution if b > 0, or if b = 0
and c > 0. The solution is real valued and positive. No solution exists,
otherwise. The nonexistence of any solution for b = c = 0 suggests that the
error function Erfc(z) has no zero for |arg z| < pi/2 and z 6= 0. As proof
[25], apply Theorem 2.1 to ϕ (ζ) = ζ−1/2 exp {−aζ}. Notice that the critical
value is infinite.
The transcendental equation
piz1/2eazErfc
(
a1/2z1/2
)
+ bz + c− (pi/a)1/2 = 0, |arg z| < pi, (3.28)
in terms of the error function [25], has one solution under each of the fol-
lowing conditions,
b > 0, c < (pi/a)1/2 ,
b = 0, 0 < c < (pi/a)1/2 .
The solution is real valued and positive, z = x14, and(
(pi/a)1/2 − c
)/
b > x14 > 0.
No solution exists, otherwise. As proof [25], apply Theorem 2.1 to ϕ (ζ) =
ζ1/2 exp {−aζ}.
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3.5.7. Cosine and sine integrals. The transcendental equation
2 cos
(
az1/2
)
ci
(
az1/2
)
− 2 sin
(
az1/2
)
si
(
az1/2
)
−bz − c = 0, |arg z| < pi, (3.29)
in terms of the cosine and sine integral functions [25], has one solution if
b > 0, or if b = 0 and c > 0. The solution is real valued and positive.
No solution exists, otherwise. As proof [25], apply Theorem 2.1 to ϕ (ζ) =
exp
{−aζ−1/2}. Notice that the critical value is infinite.
The transcendental equation
2z−1/2
(
sin
(
az1/2
)
ci
(
az1/2
)
+ cos
(
az1/2
)
si
(
az1/2
))
+bz + c = 0, |arg z| < pi, (3.30)
in terms of the cosine and sine integral functions [25], has one solution if
b > 0, or if b = 0 and c > 0. The solution is real valued and positive.
No solution exists, otherwise. As proof [25], apply Theorem 2.1 to ϕ (ζ) =
ζ−1/2 exp
{−aζ−1/2}. Notice that the critical value is infinite.
3.5.8. Whittaker function. The transcendental equation
z(α+β)/2−1ez/2W−(α+β)/2,(β−α)/2(z)− bz − c = 0, |arg z| < pi, (3.31)
in terms of the Whittaker function [6], where
α > −1/2, 1/2 > β > −1/2, or β > −1/2, 1/2 > α > −1/2, (3.32)
has one solution if b > 0, or if b = 0 and c > 0. The solution is real valued and
positive. No solution exists, otherwise. The nonexistence of any solution for
b = c = 0 suggests that under the condition (3.32) the Whittaker function
W−(α+β)/2,(β−α)/2(z) has no zero for |arg z| < pi and z 6= 0. As proof [27, 26],
apply Theorem 2.1 to
ϕ (ζ) =
ζ(α+β)/2−1e−ζ/2
Γ (α+ 1/2) Γ (β + 1/2)
W(α+β)/2,(α−β)/2 (ζ) .
The above function is positive on R+ under the condition (3.32). The as-
ymptotic behaviours shown by the Whittaker function under the condition
(3.32) induce the critical value to be infinite [6, 34],
ˆ ∞
0
ϕ (ζ)
ζ
dζ =
−ζ(α+β)/2−1e−ζ/2W(α+β)/2−1,(α−β)/2 (ζ)
Γ (α+ 1/2) Γ (β + 1/2)
∣∣∣∣∣
∞
0
=∞. (3.33)
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3.5.9. Bessel functions. The transcendental equation
pi
2
Jα (az)Yα (az) +
azΓ (α− 1/2)
piΓ (α+ 3/2)
2F3
(
1, 1;
3
2
, α+
3
2
,
3
2
− α;−a2z2
)
+
pi (az)2α tan (piα)
22α+1Γ2 (α+ 1)
1F2
(
α+
1
2
;α+ 1, 2α+ 1;−a2z2
)
+bz + c = 0, α ∈ R, |arg z| < pi, (3.34)
in terms of the Bessel functions and the generalized hypergeometric functions
[25, 6], has one solution under each of the following conditions,
b > 0, α > 0, c < 1/ (2α) ,
b > 0, α ≤ 0,
b = 0, α > 0, 1/ (2α) > c > 0,
b = 0, α ≤ 0, c > 0.
The solution is real valued and positive, z = x15, and
(1/ (2α)− c) /b > x15 > 0, b > 0, α > 0.
No solution exists, otherwise. As proof [28], apply Theorem 2.1 to ϕ (ζ) =
J2α (ζ).
The transcendental equation
(2piz)−1/2 ezKβ(z)− bz − c = 0, 1/2 > β > −1/2, |arg z| < pi, (3.35)
in terms of the modified Bessel function [25, 6], has one solution if b > 0, or if
b = 0 and c > 0. The solution is real valued and positive. No solution exists,
otherwise. The nonexistence of any solution for b = c = 0 suggests that the
function Kα (z), has no zero for |arg z| < pi, z 6= 0 and 1/2 > β > −1/2. As
proof [27, 26], relate the modified Bessel function to the Whittaker function,
W0,β(z) = (z/pi)
1/2Kβ (z/2), and consider Eq. (3.31).
3.5.10. Lambert W function. The Lambert W function is defined via the
inverse of the map W → W exp {W}. The function is multivalued, has
branches and several integral representations. We refer to [29, 30, 31, 32]
for details. The transcendental equation
W (z) /z − bz − c = 0, |arg z| < pi, (3.36)
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has one solution under each of the following conditions,
b > 0, c <
ˆ ∞
1/e
={W (−t)} / (pit2) dt < e,
b = 0, 0 < c <
ˆ ∞
1/e
={W (−t)} / (pit2) dt < e.
The solution is real valued and positive, z = x16, and
(e− c) /b >
(ˆ ∞
1/e
={W (−t)} / (pit2) dt− c)/b > x16 > 0.
No solution exists, otherwise. Since no solution exists for b = c = 0, we
recover [29] that the Lambert W function has no zero for |arg z| < pi and
z 6= 0. As proof [30], consider the following relationship holding for |arg z| <
pi,
W (z)
z
=
ˆ ∞
1/e
={W (−t)} / (pit)
t+ z
dt, (3.37)
the inequality 1 > ={W (−t)} /pi > 0, holding for t > 1/e, and apply
Theorem 2.1.
The transcendental equation
W ′ (z)− bz − c = 0, |arg z| < pi, (3.38)
has one solution under each of the following conditions,
b > 0, c <
ˆ ∞
1/e
1
pit
d
dt
={W (−t)} dt,
b = 0, 0 < c <
ˆ ∞
1/e
1
pit
d
dt
={W (−t)} dt.
The solution is real valued and positive. No solution exists, otherwise. The
nonexistence of any solution for b = c = 0 suggests that the derivative of the
Lambert W function, W ′ (z), has no zero for |arg z| < pi and z 6= 0. This
property is expected since the following relationship [29] holds, W ′ (z) =
W (z) / (z (W (z) + 1)). As proof [31, 32], consider the following relationship
holding for |arg z| < pi,
W ′(z) =
ˆ ∞
1/e
1
pi(t+ z)
d
dt
={W (−t)} dt, (3.39)
and apply Theorem 2.1.
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3.5.11. Binet function. The Binet function J(z) is defined as follows,
J(z) = log (Γ(z))− (z − 1/2) log (z) + z − log
(
(2pi)1/2
)
. (3.40)
The function is multivalued, has branches and is bounded in certain sectors
of the complex plane. We refer to [33] for details. The transcendental
equation
J
(
z1/2
)/
z1/2 − bz − c = 0, |arg z| < pi, (3.41)
in terms of the Binet function, has one solution if b > 0, or if b = 0 and c > 0.
The solution is real valued and positive. No solution exists, otherwise. The
nonexistence of any solution for b = c = 0 suggests that the Binet function
J (z) has no zero for |arg z| < pi/2 and z 6= 0. As proof [33, 26], consider the
following relationship,
J
(
z1/2
)
z1/2
=
ˆ ∞
0
1
2piy1/2 (y + z)
log
(
1
1− e−2piy1/2
)
dy,
and apply Theorem 2.1. Notice that the critical value is infinite.
Starting from the above examples, the adoption of the operator T , given
by Eq. (2.19), obviously provides infinitely many transcendental equations.
These equations can be ascribed to the form (2.18). Consequently, the
conditions for existence, uniqueness, reality, positivity and bounds for the
solution can be analyzed by evaluating the corresponding critical value. As
the above examples show, for special functions that are the Stieltjes trans-
forms of nonnegative functions, the present method provides a simple way
to investigate the absence of zeros in certain sectors of the complex plane.
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